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Abstract Formulation of locally conservative least-squares finite element methods (LS-
FEM) for the Stokes equations with the no-slip boundary condition has been a long stand-
ing problem. Existing LSFEMs that yield exactly divergence free velocities require non-
standard boundary conditions [5], while methods that admit the no-slip condition satisfy
the incompressibility equation only approximately [6, Chapter 7]. Here we address this
problem by proving a new non-standard stability bound for the velocity-vorticity-pressure
Stokes system augmented with a no-slip boundary condition. This bound gives rise to
a norm-equivalent least-squares functional in which the velocity can be approximated by
div-conforming finite element spaces, thereby enabling a locally-conservative approxima-
tions of this variable. We also provide a practical realization of the new LSFEM using
high-order spectral mimetic finite element spaces [24] and report several numerical tests,
which confirm its mimetic properties.

1. INTRODUCTION

In this paper we consider least-squares finite element methods (LSFEMs) for the velocity-
vorticity-pressure (VVP) formulation of the Stokes problem
VXw+Vp=f in Q
(1) VXu-w=0 inQ
V-u=0 in Q
where u denotes the velocity, w the vorticity, p the pressure and f the force per unit
mass. Our main focus is on the formulation of conforming LSFEMs that are (i) locally

conservative, and (ii) provably stable when the system (1) is augmented with the no-slip
(velocity) boundary condition

>

2) u=0 onodQ.
Note that (2) is equivalent to a pair of boundary conditions
3) u-n=0 and uxn=0 onoQ,

for the normal and tangential components of the velocity field, respectively.

Two factors motivate the choice of (1) as a foundation for our method. Using first-order
systems has been a staple in least-squares formulations because it allows one to reduce the
regularity requirement on the finite element spaces as well as the condition number of the
resulting algebraic problems. A second consideration is the practical importance of the
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vorticity variable in applications where rotational flow dominates the flow dynamics, such
as rotor aerodynamics, the flow around wind turbines or wake flows. Methods that can
directly control and possibly reduce the error in the vorticity can be of significant value in
these applications.

Formulation of conforming LSFEMs that satisfy both (i) and (ii) had been a long-
standing challenge. Existing conforming least-squares methods generally fall into one
of the following two categories. The LSFEMs in the first category, see e.g., [4, 10], are
stable and accurate for (1) with the boundary condition (2) but satisfy V - « = 0 only ap-
proximately. Conversely, the LSFEMs in the second category; see, e.g., [5], [6, Chapter 7]
yield exactly divergence free velocity fields but require the non-standard normal velocity,
tangential vorticity boundary condition

4) u-n=0 and wxn=0 ondQ,

i.e., they specify only the first of the two velocity conditions in (3).

Thus far, achieving both stability and exact mass conservation with the velocity bound-
ary condition has been only possible by switching to a non-conforming formulations such
as the discontinuous LSFEMs in [8] and [9], or by employing Lagrange multipliers to
enforce mass conservation [15]. Of course the latter negates some of the attractive prop-
erties of least-squares methods such as symmetric and positive definite algebraic systems,
while the former requires careful selection of mesh-dependent weights for the various jump
terms and can result in higher condition numbers. In either case, the resulting least-squares
methods tend to be less attractive computationally. It should be mentioned that mass con-
servation in least-squares methods can be strengthened although not satisfied exactly by
employing an additional weight for the residual of the continuity equation [16]. Although
this approach can partially mitigate the loss of mass conservation it tends to increase the
condition number of the resulting system and to reduce the accuracy with which the for-
mulation satisfies the rest of the equations.

In this paper we address formulation of conservative LSFEMs for the VVP Stokes sys-
tem with (2) by developing a new, non-standard a priory stability bound for this problem.
We refer to this bound as “non-standard” because (i) it uses a “weaker” L?-norm to mea-
sure the residual of the momentum equation in (1), instead of a conventional Sobolev space
norm, and (ii) it employes a weak curl in the second equation of (1) and a weak grad oper-
ator in the first equation of (1). This stability bound gives rise to a norm-equivalent func-
tional, which can be discretized by using div-conforming elements for the velocity field.
We show that the resulting LSFEM is both locally conservative and stable for (1)—(2).

We have organized the rest of the paper as follows. Section 2 introduces notation and
some necessary background results. Section 3 establishes a non-standard stability bound
for the VVP system and Section 4 presents the associated least-squares formulation. Sec-
tion 5 describes the compatible (mimetic) spectral element spaces, which we use to dis-
cretize the least-squares principle and explains how all necessary differential operators can
be expressed by operations on the associated degrees-of-freedom. We present numerical
results in Section 6 and conclude with some remarks in Section 7.

2. PRELIMINARIES

In what follows Q c R, d = 2,3 is a bounded open region with Lipschitz boundary
I' = dQ. We recall the space L>(Q) of all square integrable functions with norm and
inner product denoted by || - || and (-, -)o, respectively, and its subspace L%(Q) of all square
integrable functions with a vanishing mean. The spaces H(curl, Q) and H(div, ()) contain
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square integrable functions whose curl and divergence are also square integrable. When
equipped with the graph norms
IEIZ.; == I€1G + 11V x €Il and  [[vl[Z, = I + IV - vl ,
the spaces H(curl, Q) and H(div, Q2) are Hilbert spaces. We recall the subspaces
Hy(curl,Q) = {v € H(curl,Q)|v x n = 0on 9Q},
Hy(div,Q) = {v € H(div,Q)|v-n=00n0Q} ,

of H(curl, Q) and H(div,Q), respectively containing functions whose tangential and nor-
mal traces vanish on the boundary.

2.1. Adjoint operators. The mimetic least-squares method in this paper requires two ad-
ditional operators acting on L*(Q) and H(div, Q) functions. Their definition follows.

Definition 1. The adjoint gradient of p € L*(Q) is the function V*p € H(div,Q), which
satisfies the relation

®) V*p,v) := (p,-V -v) + f p(v-n)dS, VYveH(div,Q).
oQ

The adjoint gradient defines a map V* : L*(Q) — H(div, Q).
The adjoint curl of v € H(div, Q) is the function V* X v € H(curl, Q), which satisfies
the relation

(6) (V' xv,8)0 = (0, VX&) — f v-(nx€)dS, VEe H(curl,Q).
oQ

The adjoint curl defines a map V*x : H(div, Q) — H(curl, Q).

Whenever the test functions in (5) and (6) are restricted to Hy(div, Q) and Hy(curl, Q2),
respectively, there holds

@) V'p,v) :=(p,-V -v)y Yv € Hy(div,Q),
and

(8) (V' xv,8)0 :=(v,Vx&)o Ve Hylcurl,Q),
respectively.

2.2. The velocity space and its decomposition. An appropriate starting point in the de-
velopment of locally conservative least-squares finite element methods for (1)—(2) is to
consider the velocity as an element of H(div, Q). By further restricting the velocity to
Hy(div, Q) we can subsume the first of the two boundary conditions in (3) into the space
definition. However, since H(div, Q) functions are not guaranteed to have a well-defined
tangential trace, the second, tangential boundary condition can only be imposed in a weak,
variational sense. Thus, in what follows we shall seek the velocity solution in the following
subspace of H(div, Q):

D:{veHo(div,Q)|f v-(nx€)dS =0, VEEH(curl,Q)}.
oQ

We note that for any v € D there holds
) (V' xv,8)0:=w,VxE&o V€€ H(curl,Q).
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In this work we use the Hodge-Morrey-Friedrichs decomposition of vector fields; see,
e.g., [29, Theorem 2.4.2, p.81], [21], and [2]. This result states that every vector field
v € L*(Q)? has an L*-orthogonal decomposition

(10) v=v.+v;+h,
into an irrotational, a solenoidal and a harmonic component such that
{wazo, V-ovg=0 inQ {Vxh:O

in Q.
V-h=0

nxv.=0, n-vy=0 onTl
The harmonic component h can be further decomposed as
(11) h=h.+hy, nxh.,=0 and n-h;=0 onT.
By combining the terms from (10) and (11) we obtain an alternative decomposition
(12) v =T+ Yy
in which the irrotational and the solenoidal components are given by
V.=v.+h., and ¥;=v,;+ hy,

respectively. We note that unlike (10) the decomposition (12) is not Lz—orthogonal and so
we refer to the latter as the algebraic decomposition of v.

Given a vector field v € H(div,Q) it is straightforward to show that its algebraic de-
composition satisfies

n-v. = n-v n-v, = 0
B and - R
nxv, = 0 RXV; = nXv
where the tangential boundary conditions are understood in a weak sense. It follows that
for any v € D there holds
(13) V=V, + ﬁd, V., Dy € D.

In other words, both components of the algebraic decomposition of a vector field v € D
belong in the same space as v. Therefore, we can write O as an algebraic sum

(14) D=D.+ Dy

of an irrotational subspace 9, and a solenoidal subspace D,.

3. NON-STANDARD STABILITY BOUND

In this section we establish an a priori stability bound for the VVP Stokes system (1)
with the no-slip boundary condition (3). The proof draws upon the techniques in [5] with
one important distinction. Stability proof in that paper relies on the orthogonality between
V X w and V*p when w has a vanishing tangential component, i.e., the fact that

(15) (VXxw,V'p)=0 VYwe Hy(curl,Q) and pe L3(Q).

This implies a trivial lower bound (in fact an identity) for the L>-norm of the residual of
the momentum equation

(16) IV X w + V*pli§ > IV X I + IV plIg »

which represents a key juncture in the proof.

However, for the case of the no-slip boundary condition of interest to us, for w €
H(curl,Q) the field V X w is not orthogonal to V*p. As a result, (15), resp. (16) do
not hold. Nonetheless, using the algebraic decomposition (14) of the velocity space D we
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are able to prove an analogous result, but in a “weaker” L?>-norm. We define this norm for
any u € H(div, Q) according to

(u,v)
(17) llullp = sup 2.
ven Il

Since D c L2(Q)? the norm (17) can indeed be thought of as a “weaker” L2-norm.

Our proof relies critically upon the fact that, although the components of the algebraic
decomposition (14) are not mutually orthogonal, they are orthogonal to the ranges of Vx
and V*, respectively, i.e., for any w € H(curl,Q)) and p € L*(Q) there holds

(VXw,v.)p=0 Yv.eD., and (V'p,vg)o=0 VYvg € Dy,
respectively. Among other things, this orthogonality implies that

VX w, VX w,
(18) IV X wllp = sup (VXw,v) _ sup (VX w, va)o ,
ven |Vl veen,  lvallo
for all w € H(curl,Q), and that
. (V'p,v) (Vp,ve)
(19) IV*pllp = sup — L2220 = gup Lo
ven vl veen,  lvello

for all p € L*(Q). Using (18)—(19) the following theorem establishes a stability bound
similar to (16) but in terms of the weaker L?>-norm defined by (17).

Theorem 1. For all w € H(curl, Q) and all p € L*(Q) there holds
. 1 1 .
(20) IV xw + Vpllz > EIIV X wliz, + EllV plly, .

Proof. In order to bound the left-hand side in (20) from below we first use that Dy is a
subspace of D together with the fact that V*p L D, and (18) to obtain

VXw+Vp, VXw+Vip,
IVxw+Viply = sup( w D, U)o > (VXw D> Va)o
veD llvllo vaeDy llvallo
VXw,
Q1) = gup YX@ V0 B o

veen,  vallo

Similarly, using that D, is a subspace of D together with V X w L D, and (19) yields the
bound

VXw+V* VXw+V* .
IV xw+Vpllp = sup (Vxw D> V)o > (Vxw D> Ve)o
veD llvllo veED, llvello
V'p,v)o (19 1o
(22) = sup — LN Ly,
v.€D, ||Uc||o

Squaring both sides of the bounds in (21-22) preserves the sense of the inequality. Com-
bination of the squared bounds then completes the proof:

) 1 . 1 .
IVxw+Viply, = §||V><w+vp||§)+§||V><w+Vp||§)
2122) 1 1.

> EIIwaIIé+ EIIV'pIIé.

To state the main result of this section we introduce the “weak™ H(curl, Q) norm

2 . 2 2
llwlle = llwlly + IV x wlip.
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Theorem 2. There exists a constant C > 0 such that
IV 5w + V*plIz, + llew = V* x wlf + 1V - wllf > C {llllg + lullas + IV plI3} -
foreveryu € D, w € H(curl,Q) and p € LS(Q).
Proof. The proof follows the ideas in [5]. We have
(23) IV x u - wllf = IV X ullf + llwll§ — 20V X u, w).

To bound the last term we split it in two equal parts. On the one hand, the Cauchy-Schwartz
inequality gives the bound

(V" X u,w)o < IV X ulloliwllo -

On the other hand, by taking into account that u € D, using the identity (9) and the
definition of the weak semi norm (18) we obtain

(V" X u,w)y = (u, VX w)y < |lullllV X wllp.
Using the last two inequalities in (23) then gives the bound
IV* X u = wlf 2 IV* X ullf + [l = 1V X wllollwllo = o]V X wllp -
Application of the e-inequality to the last two terms gives

IV* x u — wll

O\, o 1 € 1
(24) > (1= )1V xcull + (1 - 2—5)”«»”3 = St} = -1V x ol
while the Poincaré-Friedrichs inequality [6, Theorems A.10-A.11]
. 1
(25) V" X ullg + 119 - ullg = = llulg
P

allows us to conclude that

. 1 \ 1
V" X w = @llg + 1V - g > 5 (1= &) IV X ullg + SV - ully

1 (1 1
(26) + (1 - %) ool + 5 (C—% - e) el = 511V X @l -
Adding S times the momentum equation and using Theorem 1 yields

BIV X w+V*pllsy + [IV* X u — wlf} + IV - ullf
1 * 2 1 2 1 2
25 (1= ) IV X ullg + 511V -l + (1 - 2—5) llwllZ+

B

(1 1 1 .
27) 3 (— - e] el + 5 (,8— ;) IV X wlly, + IV Pl -

2 CIZD
Choosing € = 1/C%, 6 = 2/3 and B = 1 + C3 then gives

(1+CHIV X w+VpliZ, + IV X u - olly + IV - ull}

1. 1 1 1 1 .
28) 2 IV Xl + SV allg + ol + 51V x ol + 5 (1+CR) IV ply,

(11 .
> mm{g, S+ c%)}(nwué + lllZ, + IV°pI) -
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It follows that

2 2 2
llw =V xullg + IV X w+ Vpllg, + IV - ullg

1 2 5112 % 2 2
(29) > — o [(1+ CIIY x @+ VpllZ, + V" X w = wlff + IV - ullg] .
which completes the proof. O

4. A LEAST-SQUARES PRINCIPLE

The stability bound in Theorem 2 asserts that

1
G0)  TEv.g:f)= 5 (IV xv— &5+ IV x €+ Vg = FIE, + IV - lf)

is a norm-equivalent least-squares functional for (&, v, q) € X = H(curl,Q) X D X L(z)(Q).
It follows that the least-squares principle

(3D (w,u,p) = arg(gfg}}glexj(ﬁ,v,q; ip)

is a well-posed minimization problem; see [6]. By setting the first variations of J (&, v, g; f)
with respect to &, v and ¢ to zero we obtain the associated Euler-Lagrange equation for
(31): seek (w, u, p) € X such that

(VXw+V'p,VXEp+(w—-V"xXu,&)y =(.Vx&yp V& € H(curl, Q)
(32) V*xu-w,V'xv)y+(V-u4,V-v); =0 YveD
(VXw+Vp,V'q)py =(F,V'9yp Vg € L(Q).

The norm-equivalence of the least-squares functional (30) implies that the bilinear form
corresponding to (32) is strongly coercive (V-elliptic) on X x X.

To discretize (31) we consider conforming finite element subspaces C* ¢ H(curl, Q),
D! c D and S" c L2(Q) and set X" = C" x D} x S". Following the same arguments as
in [5] one can show that the stability bound in Theorem 2 continues to hold on X", i.e.,
the least-squares functional (30) remains norm-equivalent on X”. As a result, the discrete
least-squares principle

(33) W' u" p"y=arg min _ JE" V", q" f)
(5",vh,qh)€Xh

is well-posed and the discrete optimality system: seek (w”", u", p") € X" such that
h % h h h_ e h ¢h _ h h h
(wa +Vp,V><£)D+<w -V xu,é)o —(f,VXE)D vEg" e C
(34) (V' x " — wh, v x vh)o +(V-ul,v- vh)o =0 Vo' e D}
h * h 7 h _ % h h h
(Vxw +Vp,Vq)D —(f,Vq)D Vg e S

has a unique solution. Moreover, once a basis for X" is selected, it is not hard to see
that (34) is equivalent to a linear algebraic system for the coefficient vector of (W", u, p"
having a symmetric and positive definite matrix.

In the next section we construct a conforming spectral element subspace of X. A no-
table feature of our approach is a choice of degrees of freedom, which allow to combine
spectral accuracy with the ability to decompose the differential operators in (34) into a
purely topological part and a metric dependent part. This should be contrasted with the
approaches in, e.g., [1, 17], which do not allow for such a separation.
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5. MIMETIC SPECTRAL ELEMENT METHOD

Classical low-order mimetic methods [7] admit factorization of the discrete differential
operators into a purely topological and a metric dependent parts. The purely topological
part is independent of the size or shape of the mesh or the order of the basis and is responsi-
ble for ensuring the validity of vector calculus identities suchas VXV =0and V- Vx = 0.
Conversely, the metric-dependent part is responsible for the accuracy of the scheme but
it depends on the size and shape of the mesh and the order of the basis. Factorization of
discrete operators into such parts induces analogous factorizations of their algebraic repre-
sentations into products of Gramm-like matrices of the finite element bases and incidence
matrices, whose entries contain only the numbers 1, —1 and 0. Among other things, we use
these matrix factorizations to prove the mimetic properties of our method.

Although, besides aiding in the proof of mimetic properties, such factorizations can
bring about significant other computational benefits, very few attempts had been made to
extend such ideas to higher-order representations. Apart from [3, 23, 24, 27, 28] , the
authors are not aware of any other work in that direction.

In this section we will present the spectral element basis functions which span the finite
dimensional spaces C”, Dg, D" and S”, as well as the equivalent matrix form of (34)
for the two-dimensional case. Using this algebraic representation we derive the discrete
conservation properties such as local mass conservation and the fact that the integrated
vorticity will always vanish by using the above mentioned factorizations.

Similar ideas can be found in Tonti, [31, 32], Bossavit, [12, 13], Desbrun et al., [18],
Bochev et al, [3, 7], Lipnikov et al, [26], Seslija et al., [30], Bonelle and Ern, [11], Lemoine
et al., [25], Kreeft et al., [23, 24], Palha et al., [27] and references therein.

5.1. One dimensional basis spectral basis functions. Consider the interval [-1,1] Cc R
and the Legendre polynomials, Ly(¢) of degree N, & € [—1, 1]. The (N + 1) roots, &;, of the
polynomial (1 — fz)L;\,(f) satisfy —1 < & < 1. Here L) (€) is the derivative of the Legendre
polynomial. The zeros are called the Gauss-Lobatto-Legendre (GLL) points. Let h;(€) be
the Lagrange polynomial through the GLL points such that
(35) mep=1" T o
i(G§i) = l,]=0U,... .
! 0 ifi#j /

The explicit form of the Lagrange polynomials in terms of the Legendre polynomials is
given by
(1 - &)L\ (&)
(36) hi(¢) = = :

NN + DLy(&D(E =€)
Let f(¢) be defined for & € [-1, 1] by

N
(37) f€) = ) aihi(@).
i=0

Using property (35) we see that f(£;) = a;, so the expansion coeflicients in (37) coincide
with the value of f in the GLL nodes. We will refer to this expansion as a nodal expansion.
The nodal basis functions £;(¢) are polynomials of degree N.

The derivatives of the nodal basis functions define another set of functions ¢;(£) given
by

o diy(é)
(38) ei(é) = — -
2

i—1
dg = - )" diu(®) .
k=0
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The functions e;(¢) are polynomials of degree (N — 1), which satisfy [22, 24]

Ji 1 ifi=j
(39 e(&) = ) i,j=1,...N.
£ 0 ifi#j

Similar to (37) consider an expansion

N
(40) F© =) b,
i=1

in terms of the functions e;. Using (39) we find that

f "F&=b,.
&j-1

that is, the expansion coefficients b; in this case correspond to the integral of f along
the edge [£,-1,&;]. Accordingly, we call e; edge functions and refer to (40) as an edge
expansion, see for instance [3, 23, 24, 27] for examples of nodal and edge expansions.

The relationship (38) between nodal and edge functions implies that the derivative of a
nodal expansion (37) is an edge expansion (40) [22, 24], that is,

N

N
) PO = ah® =y (@~ ae® .
i=1

i=0

Remark 1. Note that the set of polynomials {h'}, i = 0,...,N is linearly dependent and
therefore does not form a basis, whereas the set {e;}, i = 1,..., N is linearly independent
and therefore forms a basis for the derivatives of the nodal expansion (37).

For all integrals we use Gauss-Lobatto integration

1 N
(42) f SO ) fEm,
- i=0

where the Gauss-Lobatto weight are given by
3 2
N(N + DLY(&)

Gauss-Lobatto integration is exact for polynomials of degree 2N — 1, see [14].

(43) w; fori=0,...,N.

5.2. Two-dimensional expansions. Consider [—1,1]?> ¢ R?. We will use tensor products
of nodal and edge functions to construct conforming finite dimensional subspaces C", D",
D! and S" of H(curl,Q), H(div,Q), D and L*(Q), respectively. Let (&,7;) be the GLL
points in &- and n-direction. We will first describe the finite dimensional spaces and the
primal vector operations, VX and V-, between these space.

5.2.1. Spaces and primal vector operators. We define the curl-conforming space C" as
the span of the basis set {c;;(£,m)}, i,j = 0,...,N, where ¢;;(¢£,17) = hi(&)h;(n7). Thus an
element w"(&,7) € C" of this space has the form

wo,0

N
@ WEM =D wijeyEn) = o) . enn(E

N
=0 j=0

WN,N



10 MARC GERRITSMA AND PAVEL BOCHEV

From (35) it follows that w; ; = w(&;,17;). We will use the compact notation @ = [wop, - . . , ONN

to denote the coefficient vector of w". Taking the curl of w" we obtain, using (41)

SN o SN (i — wij1)dii(E ) )
Vx wh = | Zis0 2=1(@ij = Wi j-1)di
et ( il ny:o(‘”i—l,j - w; j)d;i(m, &)
wo 0
_| doi&m) ... dwn(E ) 0 0 1,0
I [ 0 0 dy@rd ... dwo |°
WNN

where d;;(£,n) = hi(&)e;(n), d;j(n, &) = hi(n)e;(£) and E'0 is an incidence matrix containing
the values —1, 0 and 1. This incidence matrix is very sparse.

We define the div-conforming space D" as the span of {d;;(&,m)} X {d(n, &}, for i,] =
0,...,Nand j,k = 1,...,N. The identity (45) shows that VX : C" - D". An element
f" € D", has the form

FiEn ( o i Jgd € )
i=1 Zj:o f,-,jdji(fl,f)
] fél ]
(46) _ | da&m) ... dun(m) 0 0 ffm
0 0 doi(n,§) ... dvn(n,é) o
| Sy |
Subsequently we will use the notation f = f(‘i e ff/,zv’ 1]7,0’ e, JG,N]T for the coefficient

vector of a function f" € D"

Since both V x w' € D" and f" € D", the equation V X w" = f" is dimensionally
consistent. After equating (45) and (46), we see that V X wh = f” is equivalent to a linear
system

fox
Wo,0 .
(47) EY| : |= fﬁﬁN :
1,0
U)N,N .
U
NN

that involves the topological incidence matrix but not the basis functions. The sparse inci-
dence matrix E' thus gives the purely topological part of Vx, i.e., the part of this operator
that remains the same so long as the mesh connectivity does not change. All metric prop-
erties, size and shape of the grid and the order of the scheme, are contained in the basis
functions.

]T
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The space Dg is obtained from D" by setting all fluxes over the outer boundary to zero.
An element u” € Dg is therefore represented as

N-1wN &
h _ i1 2yt U7 dij(E,m)
wem = (271 iji‘l‘ uzfd,fi<n,f))
”S;,l
(48) _ [dn(f,?]) e dyaiv(ém) 0 0 } uf\,_l,N
0 0 din(n,& ... dvan@,é) uf |
unN,N—l

For u" € Dg the expansion of V - u/ is given by
N N

o h & & no_.n ) o
V-u (ui’j Wiy g = Uy sii(€m)
i=1 j=1

“9) [sn@Em . syw@EmIE>'| NN |

n
L Unn-y |

f\,’j = u}y = u]\, = 0 in the first equality, and we have

where s;/(¢,1) = e€)e,(n), uf; = u
used (41). The incidence matrix E>! is a sparse matrix which only contains —1, 0 and
1. Similar to E', this matrix gives the topological part of the divergence operator. As a
result, the conservation of mass statement, V - u” = 0, reduces to the following relation for

the expansion coefficients of "

£
(50) B2 VN =0
Uy

"
L Uyn-1 ]

Finally, we define S” to be the span of {sij(¢,p)} for i, j = 1,...,N. This space equals
the range of the discrete divergence acting on D, i.e., V - Dg = §”. Consequently, we use
S" to approximate the space L*(Q). The functions in S” have the form

N N
(51) PEM =D pijsif€m) .

i=1 j=1
We now have the conforming finite dimensional function spaces C" c H(curl,Q), D" c
v V.
H(div,Q), S h e LZ(Q), and Dg c D, such that C" i D" - S forms an exact sequence.
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5.3. Inner products. In this section we derive the algebraic representations of the inner
products acting on the discrete spaces introduced earlier. These representations are also
required to obtain the algebraic representations of the adjoint operators from Definition 1.

5.3.1. Inner-product on C". Let &€",w € C", then the L?-inner product in C" is given by

1 1
(52) (¢"e"), = f 1 f gl dgdn = £

where M is the (N + 1)* X (N + 1)* Gramm matrix of the basis {c;;j(£,1)}.

If we evaluate the integrals in this mass matrix using GLL integration, (42), and use
(35), we see that M is a diagonal matrix with the product of the integration weights (43)
on the diagonal.

5.3.2. Inner-product on D". For u",v" € D" the inner-product is given by

1 1
(53) (uh,'uh)o = f f (", v") dédn = P Mpii .
-1 J-1

Here the matrix M corresponds to the Gramm matrix of the basis functions {d;;} X {dx}.
This matrix is a 2N(N + 1) X 2N(N + 1) block diagonal matrix, but it is not diagonal.

5.3.3. Inner-product on Dg. The mass matrix Mp, on Dg is obtained from M by remov-
ing the row and columns which correspond to the prescribed zero fluxes on the boundary.
Mp, is then a 2N(N — 1) X 2N(N — 1) block diagonal matrix.

5.3.4. Inner product in weak L*-norm. In the weak L>-norm || - ||p we project the degrees
of freedom of f € D" onto the degrees of freedom in Dg. So we look for vector of degrees
of freedom iy € D} such that

" Mp,it; = ¥ Mp,pf -

The mass matrix Mp,p is obtained from M by eliminating the rows which correspond to
the prescribed zero fluxes in Dy. The matrix Mp,p is non-square. The degrees of freedom
for the projected degrees of freedom i, are then given by

L_l)f = MB(I]MDOD]C .
In particular, we have that the projection of the degrees of freedom of V X w” on Dy is
given by
(54) M Mp,pEM 0@ .

5.3.5. Inner-product on S". The mass matrix M for S" corresponds to the Gramm matrix
of the basis s;;(¢,7),1, j=1,..., N given in (51). The mass matrix M is not diagonal, but
diagonal dominant.

5.4. Finite dimensional adjoint operators. Using the algebraic expressions for the pri-
mary operators Vx and V- in terms of the incidence matrices given in Section 5.2.1, and
the algebraic forms of the inner products in Section 5.3, we can easily obtain the algebraic
forms of the adjoint operators in Definition 1.

Let & € C”, then V x &" € D", if we take the inner-product with any v € D) we have

in terms of the expansion coefficients of g? and v
- _ -
('Uh, V X £h)0 — VTMDODELO@: — —)TMDUDELOMCIMC{,:

(55) M B M, 7 McE = (7 x o', €")

0°’
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where we used the fact that the tangential velocity of v" is zero for v € Dg C D. It follows
that the algebraic form of V* x v" is given by

(56) M'E"' ML, 7.
Let v" € D) then V - v" € S". If we take the inner-product with any p € S*, we obtain
in terms of the expansion coefficients of V¥ and
(P"V-v") = FTME*'¥ = F MsE> M Mp, ¥

(57) (M B! My B) Mp, # = (=V*p", 0"

where again the boundary integral vanishes for v" € Dg C D. Therefore, the algebraic
form of V*p" € D is given by

—12,17 -
(58) ~Mp B> Mg 5 .

5.5. Mimetic least-squares for the Stokes problem. With the conforming finite dimen-
sional spaces and the primary and adjoint vector operations between these spaces, we are
now in the position to implement (34).

Using the algebraic forms of the inner products and operators derived in the previous
subsections it is not difficult to see that the discrete Euler-Lagrange equation (34) is equiv-
alent to a linear algebraic system

(59) S¥ = rhs ,
where S is 3 x 3 block matrix given by
(60) . . .
B0 MY, My Mip, pB0+Mc —E"(T)' Mpp —EN"MD M M
—Mp,pE"? Mp,pE""M;'E"'M], | +E>!" MsE>! 0
~MsE>'Mj Mp,pE" 0 Ms E>' M B! Mg
1)
=\ a |,
P
and
EI’O MgoDMB})MDODf
rhs = 0
—MS EZ’IMB:)MDODf

We see that this discrete system involves only mass matrices and incidence matrices re-
lated to the various spaces and operations between these spaces. We started this section
by stating that a mimetic method aims to decompose a PDE in a purely topological part
and a metric dependent part. The mimetic least-squares formulation precisely achieves
this, where the topological part is represented by the incidence matrices and the metric
dependent part by the mass matrices.

The discrete least-squares system matrix (59) can be factorized as

ATMARZ = ATMb ,
where
I -M'EMMT 0
A=| My Mp,pE" 0 ~Mp B> M |
0 E2! 0
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and
Me O 0 0
M = 0 MD() 0 and 5 = MB(IJMDODf .
0 0 Mg 0

Note that the matrix A contains all the operations we introduced in this section: In the first
row we see the operator MglEl’OTMLT)O p Which by (56) is the discrete V*X. In the second
row we have M| Mp, pE'? which by (54) is the projection of Vxw" onto Do. The operator
—Mz)(l) Ez’“‘MS is by (58) the discrete V* and in the last row we have E>! which by (50) is
the discrete divergence operator V- acting on Dy.

If ¥ is a solution of the system AX = b, then ¥ is also a solution of (59) and by the
uniqueness of the least-squares formulation it is the only solution of (59). Note that the
system MAX = Mb was solved in [23].

Theorem 3. The solution of the least-squares formulation (59) is locally mass conserving.

Proof. If ¥ is a solution of (59) then it also solves A¥ = b. In particular, this means
that E>'if = 0. But according to (49) and (50) this equation is precisely the algebraic
equivalent of V - u”" = 0, i.e., the velocity solution of the least-squares method (34) is
exactly divergence-free. O

Theorem 4. Let w" be the solution of the least-squares formulation (59), then

fwhdﬂzo.
Q

Proof. In 2D at the continuous level we have that w = V x w implies that

fwdQ:foudﬂzf uxndS =0,
Q Q o)

if w X n = 0 along the boundary. In the finite dimensional case, the same result follows
by taking for &€" the constant function £ = 1 in (34) and v" = 0 and ¢" = 0. Then the
least-squares formulation reduces to

(1w = f 1. whdS =0.
Q

Or, in terms of (59),

(61) (1,...,DHMc ZZZN:wi'jWin:O’

Wo,0 N
=0 j=0

WN,N !

because by Section 5.3.1 M is a diagonal matrix which contains the products of the GLL-
integration weights (43) on its diagonal. Therefore (61) shows that the numerical integral
of w" over the domain is zero, where w” is a polynomial of degree N in the &- and n-
direction. Since GLL-integration is exact for polynomials up to 2N — 1, (61) implies that

fwhdsz:o.
Q

6. NUMERICAL RESULTS

In this section we use several manufactured solution examples to asses the performance
of the spectral mimetic least-squares method.



6.1. Test case 1. Consider the Stokes problem defined on the domain Q = [-1, 1]*> with
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u = 0 along the boundary. We take as exact divergence-free velocity field

(62)

[ =41 - yz)(l — x2)?sin(2n(x + ) +2xa(1 — )21 - yz)2 cos(2a(x +y))
WO = 421 = 2)(1 =) sin@r(x + ) — 271 = 22(1 = )2 cos(2n(x + )

15

).

For the right hand side function f we take f = V X V* X w. In this case the corresponding
exact pressure field is constant. The problem is solved on one spectral element with varying
polynomial degree N. For such a small problem system (59) can be solved with a direct
solver, where we used direct inverses of the mass matrices which appear in the system.

[ N T 4 [ 6 [ 8 [ 10 ] 2] 14 ] 16 | 18 |
T W, P f) 1.6-10° 15-10° [ 48-107 [ 4.0-10° 1.0-107 1L1-10° [ 57-107 [ 1.6-107
Lo = V7 x w2 3.6-107%¢ | 9.1-107%7 | 1.1-107% | 41-10% | 3.1-10% | 50-107% | 9.8-107 | 1.2- 10~

VX" + v p = flig, || 1.6-10° 15-10° | 48-10° | 4.0-10° 1.0-10% 1L1-10° | 57-102 | 1.6-107°
IV - uh|? 6.6-10%6 | 14107 | 1.4-10 | 3.1-10% | 3.7-10% | 57-10% | 1.2-107 | 1.3-107*
o™ = wl% 33-10° 31-10° | 9.6-10° | 8.0-10° 21-10° | 22-10° [ 1.1-102 | 32-107
llu" - u||2;‘, 5.1-10" 3.5-10! 74-10° | 63-107" | 1.7-102 | 19107 | 1.0-10° | 3.0-107°
lip" - p||§) 1.0-10* | 81-10° | 9.7-10° | 7.8-107" | 1.1-107 | 6.6-10* | 1.8-107 | 2.6-107"°

TasLe 1. Convergence results for Test case 1 with increasing polynomial degree

The first four rows in Table 1 show the value of the least-squares functional and the
residuals that make it up for increasing polynomial degree N. The last three rows give the
errors in the vorticity, velocity and the pressure, measured in || - ||%, || - ||4iv, and || - II%-norm,

respectively.

The first thing to note is that conservation of mass is satisfied up to machine precision

for all polynomial degrees. This result confirms Theorem 3.

Convergence Test Case 1

LS Functional, Total error

LS Functional
- Total error

.
6 8 10
Polynomial degree

I
12 14

Ficure 1. Convergence of the least-squares functional J and the total
+|p" - plI2, as a functional of the polynomial

error ||w" —w||%+ 7% —ull;,

2

degree N for Test case 1.
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Test case 1 shows that the least-squares functional is dominated by the residual of the
momentum equation. In the total error the weak H(curl, Q)-norm of the vorticity dom-
inates the total error. The ratio of the least-squares functional value over total error is
approximately 0.5.

For a well-posed least-squares formulation the convergence rate of the least-squares
functional should be equal to the convergence rate of the total error. In Figure 1 the con-
vergence of the least-squares functional and the total error are plotted as a function of the
polynomial degree N and both quantities converge at the same (exponential) rate.

6.2. Test case 2. Consider the Stokes problem defined on the domain Q = [-1, 17? with
u = 0 along the boundary. The right hand side function f in this case is given by

_ [ mcos(n(x +y))
63) SOy = ( meos(m(x + y)) ) ‘
This particular flow corresponds to a pressure field given by
(64) p(x,y) =sin(m(x +y)) + C,

where C is an arbitrary constant. The velocity and vorticity for this problem are identically
ZEero.

[ N T 4 [ 6 [ 8 [ 10 [ 12 [ 14 [ 16 [ 18
T, " ps ) 8.1-10° 18-107 [ 85-10% [ 12-10° [ 60-100° [ 1.8-10° [ 29-107 | 6.0-107"
! — v x uh|2 84-10 | 45-107 | 1.0-107 | 41-10 | 14-102 | 42-102 | 56-102 | 7.1-1072!

VXt +V'p - £l 8.1-10° 1.8-107" | 85-107* | 1.2-10° | 69-107'° | 1.8-107* | 2.9-107"7 | 6.0-107"7
LIV -l 12-102 | 89-10%7 | 13-10% | 55-102 | 24-102 | 63-102 | 7.1-102 | 1.1-107%
llw" = w2 32-107%° [ 14-107 [ 43102 [ 42-100 | 50-107" 19-107 [ 24-10°7 [ 55.107°
- ull?, 35-10%° | 45-102 | 7.4.10%7 | 1.9-10 | 13-102 | 3.6-102* | 1.2-103 | 1.8-102
IIp" = p||% 1.6- 10 3.7-107! 1.7-107 | 2.4-107° 14-10° | 37-1073 | 87-107"7 | 7.9.1071¢

TaBLE 2. Convergence results for Test case 2 with increasing polynomial degree

The results for test case 2 are listed in Table 2. We see that for all polynomial degrees
we can capture exactly the zero velocity and vorticity field (up to machine accuracy) and
therefore also mass conservation is satisfied up to machine precision.

In Test case 2, the least-squares functional is again dominated by the residual of the
momentum equation, while the total error in this case is dominated by the weak semi-
norm ||p — p”IID. The ratio of the least-squares functional over the total error is again
approximately equal to 0.5 for all polynomial degrees.

For a well-posed least-squares formulation the least-squares functional converges at the
same rate as the total error. In Figure 2 both the least-squares functional and the total error
are plotted as a function of the polynomial degree and both quantities converge again at
the same (exponential) rate until N = 16. For N = 16 all errors and residuals have reached
zero machine accuracy, O(107'7). Beyond N = 16 the truncation error becomes visible
and the least-squares functional and the total error stall or start to increase slightly as can
be seen in Figure 2.

6.3. Test case 3. In Test case 1 we used a divergence-free right hand side function, while
in Test case 2 the right hand side function was irrotational. In this test case, we combine
these two cases by using the exact velocity field from Test case 1 and the exact pressure
field from Test case 2. The corresponding right hand side function is then given by

(65) F=VxV'xu+Vp.
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Convergence Test Case 2

LS Functional
Total error

LS Functional, Total error

4 6 8 10 12 14 16 18
Polynomial degree

Ficure 2. Convergence of the least-squares functional J and the total
error ||w" —w||% +|Ju” —ullfﬁv +||p" —P||§) as a functional of the polynomial
degree N for Test case 2.

The results of this test case are displayed in Table 3

[ N T 4 [ 6 [ 8 [ 10 [ 12 [ 14 [ 16 [ 8
T ul, ph f) 1.6-10° 1.5-10° 4.8-107 4.0-10° 1.0-10 1.1-10° 57-107 | 1.6-107
3l = v x uh|2 37-1002° | 1.1-107% | 47-107 | 3.1-107%* | 2.1-1072 | 84-107' | 1.2-1072' | 9.0-107%

VX +Vip - fIP 1.6-10° 1.5-10° 4.8-10* 4.0-10° 1.0-10? 1.1-10° | 57-103 | 1.6-107°
LIV - w2 6.2-107%6 | 1.8-107% | 46-10 | 49-107 | 40-10 | 1.3-107 | 1.5-10' | 59-107
o™ = wIZ 33-10° 3.1-10° 9.6-10% 8.0-10° 2.1-107 2.2-10° 1.1-1072 | 3.2-107
llu" — ul3, 5.1-10' 3.5-10 73-10° | 6.3-107! 1.7-1072 | 1.9-107* | 1.0-107° | 3.0-107°
lip" = pli7, 1.0-10* 8.2-10! 9.7-10° | 7.8-107! 1.1-1072 | 6.6-107 | 1.8-107 | 2.6-10710

TasLe 3. Convergence results for Test case 3 with increasing polynomial degree

The convergence results for Test case 3 are very similar to those of Test case 1. While all
residuals go to zero with increasing polynomial degree, conservation of mass, V - u’ = 0,
is satisfied up to machine accuracy for all polynomial degrees.

In these 3 test cases the no-slip condition is enforced weakly without the need for ad-
justable parameters to enforce the no-slip constraint which is usually employed in least-
squares finite element methods.

Theorem 4 predicts that the total integrated vorticity of the least-squares approximation
will be zero. For all three test cases given above the total integrated vorticity is determined
by GLL-integration and the results are listed in Table 4. That the integrated vorticity in Test
case 2 is approximately equal to zero is not surprising because in this case the exact and
numerical vorticity are zero. But for test cases 1 and 2 the vorticity in the domain ranges
from —75 to +75. In all cases the integrated vorticity is zero up to machines precision,
independent of the polynomial degree N, i.e. independent of how accurate the numerical
approximation w” is.
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[CaseN [ 4 [ 6 [ 8 [ 10 [ 12 ] 1@ [ 16 [ 18
1 28107 | 60-10™ | 68-10™ | 91-107 [ 22-107° | 21-10° | -1.1-10 7 | 3.0-10 7
2 54-107 | -29-107° | 1.5-107 | 12107 | 1.0-107% | —47-107 | 6.6-1072 | ~1.3-107"!
3 -2.1-103 | -3.7.10% | 295103 | -5.4-107 | 9.1-108 | =75.103 | ~1.7-10"2 | -5.7.1072

TaBLE 4. Integrated vorticity over the domain Q = [—1, 1]? for Test cases
1,2 & 3 for various polynomial degrees N.

7. DiscussioNn

In this paper we developed a mimetic least-squares spectral element formulation for
Stokes flow with no-slip (velocity) boundary conditions 4 = 0 along the boundary of the
domain. A crucial ingredient in the analysis is the Hodge-Morrey-Friedrichs decompo-
sition of vector fields with w = 0 along the boundary into a divergence-free part and an
irrotational part which both satsify « = 0 along the boundary.

A non-standard stability proof for well-posedness is required in order to bound the
momentum equation in H(div, Q) from below to establish well-posedness of the least-
squares formulation.

Conforming finite dimensional function spaces have been constructed in a spectral ele-
ment context as well as the primary and adjoint operators between these spaces.

All these operations can be represented by operations on the expansion coefficients, i.e.
on the degrees of freedom in the various functions spaces. These operations can be divided
in topological operations by means of incidence matrices and metric-dependent operations
represented by mass matrices.

Although the no-slip condition is enforced weakly in the new formulation, this proce-
dure does not involve any adjustable, mesh-dependent parameters.

We prove that for the mimetic least-squares formulation mass is exactly conserved.
Numerical tests for non-trivial right-hand side functions confirms exact mass conservation
for all polynomial degrees. Furthermore, we proved that the integrated vorticity of the
least-squares solution w” is equal to zero. This result is also confirmed by the test cases.
The least-squares functional is dominated by the residual in the momentum equation. The
residuals of mass conservation and the vorticity-velocity relation are zero up to machine
accuracy.

Future work will focus on multi-element methods, curvilinear grids and error estimates
based on the current least-squares formalism.
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